A phase transition in a spheroidal particle from paraelectric to ferroelectric phase as well as dynamic susceptibility are studied in this paper. They are influenced by the spheroidal shape of ferroelectric particles. We assume that surface charge is compensated. The spheroidal shape does not lead to plane polarization waves due to the surface effect. A multirelaxation response is found. There is an infinite number of resonance frequencies. We discuss dynamic dielectric function within quazistatic approximation. Paraphase properties of the dielectric response of the particle are discussed. We discuss influence of the surface constant, and thus of the surface ferroelectric interactions -bulk ferroelectric interactions on the response. The Cole-Cole diagram is not of the semicircle form. The transition temperature decreases with increasing diameter d of particles quadratically.
Introduction
Disordered ferroelectrics and antiferroelectrics have infrared, microwave and Raman spectra with their characteristic features which are not present in ordered ferroelectrics and antiferroelectrics. Disorder in these materials may be of different type. Stoichiometric order-disorder type systems are the best studied materials of the mentioned ferrolectrics and antiferroelectrics [1] , [2] and [3] . Other type of order -disorder system are those materials in which two types of ions interchange their position at high temperatures, at lower temperatures there exist a freezing of their position. When the freezing is theoretically very slow, practically this may be achieved by an annealing process, the ions order, see in [2] and literature therein. The low temperature phase is the ferroelectric phase. Similar type of materials are crystal -glass microcomposites. Nonstochiometric solid solutions in which one component is a ferroelectric type material and the other is a non-ferroelectric, or antiferroelectric, type material form another class of order -disorder systems with ferroelectric, or antiferroelectric, properties. Their structural form, or the form of clusters with different dielectric properties, is usually of the microcomposite form. New methods of preparations of materials lead in last years to possibility to obtain nanostructural type of order -disorder materials [2] . The microscopic and nanoscopic inhomogeneities introduced in materials during preparation due to percolation phenomena were studied recently in our papers [4] and [5] . A two -phase composite of ferroelectric -dielectric particles was studied as concerning dielectric response within the quazistatic approximation. The Maxwell -Garnet theory, the effective medium theory, and the Bergman representation enabled us to calculate dielectric function. The dynamic and static properties of such composites were then studied. There is present a distribution of polar modes due to their presence in the original ferroelectric component in the bulk form, and due to presence of the geometrical resonances. New low -frequency peaks appear due to the geometric resonance presence phenomenon. Their properties are dependent on the distribution of ferroelectric and non-ferroelectric clusters which percolate in the material. The soft mode below the percolation transition within a state where at least one infinite ferroelectric cluster is present does not change its frequency dependence on the concentration of the non -ferroelectric material, however its strength changes. The soft mode disappears above the percolation transition, where there is no infinite ferroelectric cluster present. Thus the soft mode becomes a hard mode. Let us note that presence of the multirelaxation phenomenon in the ferroelectric -dielectric composites of the type mentioned above has its origin in the presence of ferroelectric clusters with a distribution of their geometrical and topological properties. In materials of the order -disorder type with a regular crystal structure there is a possibility to find multirelaxation phenomenon due to other reason [6] , [7] and [8] . The complex dielectric function was calculated using semiempirical Bloch equations. A perturbational and a non -perturbational approaches were used to calculate dielectric function, and multirelaxational phenomenon was found. Its origin is due to presence of dispersion-less excitations in ferroelectric order -disorder materials with an incommensurate phase present at a given temperature. Clusters with an incommesurate modulation of the ferroelectric order parameter were observed recently [9] not only in dipolar glasses mentioned in [3] , but also in Zr 0.98 Hf 0.02 T iO 4 ceramic exhibiting an incommensurate -commensurate phase transition due to occurrence of small polar -like regions (domains within the incommensurate structure surrounded by discommensurations which appear upon cooling down from higher temperatures below some critical one). It is interesting that there exists a similarity in response of magnetic quantum systems with incommensurable modulated phases and order -disorder systems with an incommensurate phase [10] . In the former magnetic systems it was shown theoretically [11] that dispersionless excitations in quantum magnetic incommensurable modulated systems exist and that their presence may explain observed Al NQR and thermodynamic anomalies observed in CeAl 2 , [12] and [13] , and in Ga -NMR study of the low-energy excitations in N dGa 2 , [14] and [15] .
In dielectrics the dielectric function behaviour of a composite depends not only on properties of infinite and finite clusters, but also on the particles from which the composite is formed and on the possible domain wall structure of the order parameter. Size effect on the ferroelectric phase transition in P bT iO 3 ultrafine particles was experimentally studied in [16] , namely the size dependence of the transition temperature on the microscopic level. Similar effects were observed there as in older works on KDP materials [17] and on BaT iO 3 [18] materials. Further references on recent experiments are in [19] , [20] , [21] and [22] . Influence of the domain wall structure on dielectric response in KH 2 P O 4 -type crystals was studied in [23] , where one can find also references to domain wall dynamics effects in KDP and CsH 2 AsO 4 materials. In this type of materials domain walls freeze-in below some temperature and a multirelaxation behaviour of the dielectric function is observed. The Landau theory of 180 o domain walls in BaT iO 3 type ferroelectric particles was studied recently in [24] . Those particles were of the rectangular form. It was assumed that the surface charge is completely compensated. Experimentally found temperature dependence on the size of the particle is more precisely described by a domain wall taking into account the sixth -order term in the Landau free energy expansion, which was done in [24] .
We studied in this paper another possible source of observed complicated multirelaxation behaviour of dynamic susceptibility in ferroelectric -dielectric composites. Phase transition in a spheroidal particle from paraelectric to ferroelectric phase as well as dynamic susceptibility are influenced by the spheroidal (in general by ellipsoidal) shape of ferroelectric particles. Assuming surface charge compensated, the spheroidal shape does not lead to plane polarization waves due to the surface effect: the boundary conditions in a spheroidal particle with a surface layer lead to multirelaxation response. There is infinite number of responding modes, thus there is also infinite number of resonance frequencies. It is the aim of this paper to discuss namely these effects of the shape of a ferroelectric particle (spheroid) on its dielectric response. Firstly we describe a model which enables us to calculated dynamic dielectric function within quazistatic approximation. Deriving dynamic equations for the order parameter -electric polarization vector component -we discuss paraphase properties of the response. As a result we find multirelaxation behaviour of the dielectric susceptibility in the real representation. It is then easy to find frequency dependent form of the dielectric susceptibility of a spheroidal particle. Its form enables us to find resonance frequencies, their number is infinite. We discuss influence of the surface constant, and thus of the surface ferroelectric interactions-bulk ferroelectric interactions. Consequently the transition temperature dependence on the particle diameter and on other parameters of the model may be easily done. The static susceptibility within the paraphase is then discussed together with the critical temperature.
Model
Let x be a generalized dipole length of the normal polarization mode with an effective charge q. The one -component order parameter P has the form P=xq. Let m be an effective mass of the mode and the relaxation equation has the form which follows from the free energy F for the systems of the fourth order in the order parameter P:
Here A, B, and D are usual parameters of the Landau free energy expansion, E is an electric field, δ is a surface parameter defined by
where J is a ferroelectric interaction constant in the bulk, where J s is a ferroelectric interaction constant on the surface, a 0 is the bulk lattice constant. In (2) it is assumed for simplicity, that the bulk lattice structure is a cubic one. Note that the limit δ = 0 corresponds with strong (anti-) ferroelectric interactions on the surface of the particle. On the other hand for strong bulk ferro-interactions J the constant remains finite and nonzero.
The first part of the equation (1) is a volume contribution to the free energy, the second one is a surface contribution to the free energy. Last term is due to the applied electric field E acting on the electric polarization P.
Dynamic
where E ef f is an effective electric field acting on the charge q. Using the free energy F form from (1) we find that the equation of motion has the form:
It is convenient to introduce the mass m * related to the charge q and the relaxation constant Γ * related to the charge q:
The equation of motion (4) has now the form using (5):
The form (6) of the equation of motion is that form which we will use in next paragraphs. The boundary condition for a particle with the diameter d has the form ∂P ∂r
at the point r = d 2 . Note that r = 0 corresponds to the center of the particle. It is further assumed that P(r) in (7) remains finite at the center of the particle, lim r→0 P (r) < ∞. Note, that the equation (7) is an algebraic equation relating the P value at the point r = d 2 , and the ∂P ∂r value at the same point. In the limit δ = 0, which corresponds with strong (anti-) ferroelectric interactions on the surface of the particle. In this special case also the first derivative becomes vanishing, ∂P ∂r = 0 .
Dielectric Polarization Mode in the Paraelectric Phase
The fourth -order term does not play any role in the mode analysis when temperature T is above the Curie temperature Tc at which the paraelectric phase transforms to the ferroelectric one. In our model above the free energy corresponds to a displacive type of ferroelectrics which undergoes a second order phase transition described by a one dimensional order parameter. The strong order -disorder case have to be treated in another way. The free energy F constant A is of the obvious form A = a 1 (T −T c ), with the positive constant a 1 > 0. Let us assume that our particle of the sphere shape is under influence of the time dependent homogeneous spatially electric field E = E 0 . exp(jωt) oscillating with the frequency ω, here j is an imaginary unit. Thus we assume that the wavelength of the electric field as a component of an electromagnetic field is much larger than the sample characteristic length. Then electric polarization P = P (r). exp(jωt) has an amplitude in general complex, which is dependent on the position in the particle, and its time dependence is of the same type as of the external electric field. The dynamic equation of motion (6) has the form of a second order differential equation:
Substituting P (r) = 1 √ r u(r) into the equation (8), where u(r) is an unknown function, we find the following form of the equation of motion (8):
The corresponding boundary condition has a simple algebraic form. At the center of the sphere the polarization remains finite, and the corresponding condition is of the form du(r) dr + ( 
Here r = z (λ i ) = 0, e.i. vanishes. The equation of the motion (9) for the order parameter P(r) in its transformed form P (r) =
(λ i z), which is finite in the center of the sphere, r = 0, due to the fact that the relevant Bessel functions in the corresponding limit are finite, lim z→0
π . Note that one finds lim z→0 (λ i ) = 0 are λ i = iπ. Expanding in (9) also the square root of z into Bessel functions:
where
i we find that the expansion coefficients a i have the form
The space dependence of the electric polarization P(r) is given by
as concerning the amplitude of the polarization. Here χ(r) is the r-dependent susceptibility
which is of the multirelaxation type. Thus the Cole-Cole diagram would not be of simple semicircular form corresponding to a single resonance frequency. There is an infinite number of oscillator-like contributions with the corresponding damping, and there exists a phase shift between contributions, which is r-dependent. Note, that at center of the particle the susceptibility remains finite.
Dynamic Susceptibility
Dynamic susceptibility χ for the particle as a whole is that susceptibility, which we obtain from (14) by summing up contributions over different positions within the sphere, and relating this quantity to a unit volume of the particle
Here V = πd 3 2 is the volume of the particle. We see that the strength of every oscillator contribution decreases in the power law, e.i as is i, an integer, increasing.
The oscillator resonance frequency ω i is given by
We see that different resonance frequencies increase as i 2 and the last term in (16) decrease as d 2 . The relaxation constant remains unrenormalized.
Static Susceptibility
Static susceptibility may be easily found from (15) and has the form
The limit of zero frequency and of volume average are interchangeable processes due to finite volume of the particle. We have plotted the temperature dependence of this static susceptibility, it can easily be seen that it is not of a simple Curie type.
The critical transition temperature from the lowest frequency mode is given by
and it decreases to the bulk value quadratically with increase of the particle diameter d.
Thus we have found in this paper the polarization profile, the dynamic susceptibility and the static susceptibility for a sphere within the Landau type theory for a ferroelectric particle taking into account surface effects, and assuming full charge compensation on the surface. Our formulas enable us to discuss diameter dependence of those quantities, and enable to discuss related measured dependences like the Cole-Cole diagram, and others. The spheroidal shape does not lead to plane polarization waves due to the surface effect: the boundary conditions in a spheroidal particle with a surface layer lead to multirelaxation response
Conclusions
As it was written above sources of observed complicated multirelaxation behaviour of dynamic susceptibility in ferroelectric -dielectric composites are of different type. A phase transition in a spheroidal particle from paraelectric to ferroelectric phase as well as dynamic susceptibility are influenced by the spheroidal shape of ferroelectric particles. We assume in our model in this paper that surface charge is compensated. There is different polarization at the surface in general from that in the bulk. The spheroidal shape does not lead to plane polarization waves due to the surface effect: the boundary conditions in a spheroidal particle with a surface layer lead to multirelaxation response. We have found that there is infinite number of responding modes, thus there is also infinite number of resonance frequencies. We have found formulas which enable to discuss namely the effects of the shape of a ferroelectric particle (spheroid) on its dielectric response. First we described a model which from which we described the dynamic dielectric function within quasistatic approximation. Dy-namic equations for the order parameter, the electric polarization vector component, were found and we discussed paraphase properties of the dielectric response of the particle. As a result we found multirelaxation behaviour of the dielectric susceptibility, frequency dependent form of the dielectric susceptibility of a spheroidal particle. It enabled us to find further resonance frequencies, their number is infinite. We discuss influence of the surface constant, and thus of the surface (anti-) ferroelectric interactions -bulk ferroelectric interactions on the response. Thus the Cole-Cole diagram is not of the semicircle form. The transition temperature dependence on the particle diameter and on other parameters of the model have been found. The transition temperature decreases with increasing diameter d quadratically. The static susceptibility within the paraphase is discussed. It does have the Curie-like behaviour. Thus we have found the polarization profile, the dynamic susceptibility, the static susceptibility for a sphere within the Landau type theory for a ferroelectric particle taking into account surface effects, and assuming full charge compensation on the surface.
